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I. INTRODUCTION
Matter with no Standard Model gauge charges may be charged under an abelian gauge group of its own. The corresponding "dark photon" is an ingredient of many compelling extensions to the Standard Model [1, 2] . A new gauge boson of this type may kinetically mix with the Standard Model photon [3] via a gauge invariant dimension-four operator O mix = − F µν F µν /2, where F is the field strength of the dark photon A and F is the field strength of the Standard Model photon A. This operator induces a coupling of the dark photon with the electromagnetic current L = A µ J µ EM (1) proportional to the kinetic mixing parameter . Most searches for the dark photon rely on the observation of the products of its decay after it has been produced in low-energy terrestrial experiments [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] , although some search strategies are sensitive even to invisibly decaying or effectively stable dark photons [17] [18] [19] [20] [21] .
We are interested in the visible decays of low-mass dark photons. Below the e + e − threshold, the dominant decay channel is A → γγγ. [The weak decay A → νν is effectively suppressed by (m /m W ± ) 4 ∼ 10 −21 (m /m e ) 4 , while decay to two photons is forbidden by the LandauYang theorem.] The three photon decay width was previously estimated from the Euler-Heisenberg effective action [22] , which we discuss shortly below. But since the Euler-Heisenberg effective action provides only the leading term in the derivative expansion with a small parameter given by k 2 γ /m 2 e , the derived decay width is expected to be valid provided m m e . For characteristic energies close to the electron mass, as expected for a decaying dark photon of mass in the range m e m 2m e , this approximation breaks down, requiring a more exact treatment.
In this work, we improve the estimate for the A → γγγ decay width by evaluating it in quantum electrodynamics at one-loop order exactly, obtaining a result valid for all dark photon masses below the e + e − threshold. Ultimately, we will investigate the bounds for a dark photon that comprises a non-negligible cosmological density in the early universe [18] . Interestingly, a small region in parameter space at 10 −4 and 850 KeV m ≤ 2m e is reopened so that a dark photon with these properties is allowed by all model-independent considerations.
II. CORRECTIONS TO EULER-HEISENBERG LAGRANGIAN(S)
The Euler-Heisenberg Lagrangian is the low-energy effective Lagrangian that is matched to quantum electrodynamics at energies below the electron mass [23] . This Lagrangian predicts gauge boson self-couplings that do not exist at higher energies, leading to "nonlinear" photon interactions [27] . In general, we may construct an Euler-Heisenberg-like Lagrangian for any (product of) gauge theories after the lightest charged particles have been integrated out. Gauge bosons with bifundamental matter acquire any contact interactions that are the remnant of charge-conserving interactions of box diagrams of heavy matter, as shown in Fig. 1 .
The Euler-Heisenberg Lagrangian contains interactions of arbitrarily many (even) numbers of photons. In four dimensions, the term involving four photons is [24] 
This famously allows the computation of a cross section for light-by-light scattering [25] . Replacing one of the four photons with a dark photon will give us the Lagrangian for the process that we are interested in. Accounting for the reduced symmetry and inserting a factor for the electron coupling to the dark photon, we find that Eq. (2) generalizes to
in agreement with [22] . However, the Lagrangians in Eqs. (2) and (3) for arbitrary energies. This is well known for QED: the cross section for light-by-light scattering was obtained by Karplus and Neuman [26] and was fully explored by de Tollis and collaborators [27] . There, they reproduced the m −8 e scaling predicted by the Euler-Heisenberg Lagrangian at small energy transfer, but found that this deviated from the full result close to the electron mass.
The reason the Euler-Heisenberg Lagrangian fails close to the electron mass is because it is the first term in an expansion in derivatives on the field strength. Although the Euler-Heisenberg Lagrangian is a nonperturbative object that contains infinitely many terms, each term includes 2n products of field strength tensors, for integer n ≥ 2, with 4(n−1) powers of m in the denominator of each term. No additional terms with more derivatives appear in this expansion. Thus, the Lagrangians obtained from the Euler-Heisenberg Lagrangian, such as the Lagrangians in Eqs. (2) and (3) as well as those with additional photon fields, are only the leading terms of the 2n photon interaction in the m → ∞ limit. Each of these leading terms receive O(1) corrections when the components of ∂ α F µν /m are comparable to those of F µν . Higher derivative terms fill out the exact effective theory at energies comparable to the loop particle mass. Infinitely many derivatives are needed to get the exact result, indicating a nonlocality at small distances.
Of course, the full theory that completes the EulerHeisenberg Lagrangian is known, and this nonlocality is resolved by the electron mass. (Henceforth we will specialize to the QED case, with an electron in the loop.) For four-photon interactions, the first two subleading Lagrangian terms containing two and four derivatives have in fact been obtained by a matching calculation using the full QED scattering cross section [28] . By calculating in QED, [28] found that corrections to light-by-light scattering are an order of magnitude when each incoming photon energy equals m e . The corrections to the three photon decay will naïvely be larger for a dark photon just below the electron positron pair production threshold: the incoming energy is large compared to m e , while the energy of the outgoing legs is not small compared to m e , since in general ω γ ∼ O(m /3).
III. DARK PHOTON DECAY
We now calculate the dark photon partial width
exactly at one loop order in quantum electrodynamics. Three of the six diagrams contributing to the decay amplitude are shown in Fig. 2 . By charge conjugation invariance, the other three diagrams with opposite electron flow are equal in value to these diagrams. Denoting the amplitude as
where the (k i ) are the polarization four-vectors of the external photons, the Feynman amplitude for the dark photon decay derived from Eq. (1) is
We evaluate the amplitude and decay width using the algebraic reduction method of Passarino and Veltman [29] implemented in Package-X [30] . We have checked that the total amplitude is free of ultraviolet divergences and that the amplitude is transverse to all external momenta
as required by the abelian Ward identity. After the algebraic reduction to scalar functions, we square the amplitude, sum over final photon polarizations, and average over the initial dark photon polarization using the completeness relation valid for transverse amplitudes
We obtain the dark photon decay width by integrating over the three body phase space in terms of the Dalitz variables m
where the factor of 1/6 accounts for identical final state particles.
There are two potential sources of numerical instability in the numerical evaluation of the decay amplitude. If the dark photon mass is much smaller than the electron mass m m 2 e ) the kinematic Gram determinant becomes small and the Passarino-Veltman reduction formula becomes invalid. We circumvent this problem in Package-X by evaluating the amplitudes with sufficient working precision to achieve a numerically stable result throughout the entire physical region. With sufficient run time, we can attain any desired precision even arbitrarily close to m = 2m e . We show the exact evaluation of the decay width in Fig. 3 . We provide a supplemental file containing the data points we used to generate the black line.
By differentiating the Passarino-Veltman functions arising in the covariant decomposition of the amplitude in Eq. (5), we may also obtain an analytic representation of the partial width as a series in inverse electron mass:
which we expect to converge out to the onset of physical threshold at m 2 /m 2 e = 4. We confirm that the leading term Γ EH is determined by the amplitude in the EulerHeisenberg limit derived from Eq. 
in agreement with [22] . In the context of the EulerHeinsberg effective theory discussed in the previous section, the remaining terms in Eq. (9) arise from corrections to the Euler-Heisenberg effective action involving derivatives of the field strength tensors. We give the first six coefficients c k in Tab. I, and in Fig. 3 we plot the corresponding corrections to the partial width.
As the dark photon mass approaches the electron pair production threshold, each term supplies a correction that is individually larger than the width in the EulerHeisenberg limit. We demonstrate this in the third column of Tab. I. Thus, although the sixth order correction gives an acceptable approximation to the exact width up to m 800 KeV, as shown in Fig. 3 of the partial width for m 2m e . At threshold, we find that the dark photon partial width is over two orders of magnitude larger than the width in the EulerHeisenberg limit. This means that the dark photon lifetime is drastically shorter in this mass range than previously appreciated. This has important phenomenological consequences, which we discuss next.
IV. UPDATED CONSTRAINTS ON DARK PHOTON MASS BELOW 2me
A dark photon with kinetic mixing parameter larger than around 10 −12 can be in thermal equilibrium at some point in the early universe, and can thus play the role of cosmological dark matter or otherwise affect the evolution of the early universe [18, 19] . If the dark photon mass satisfies m ≤ 2m e , the dark photon is quite long-lived because the decay to three photons is loopmediated, contains four factors of α EM , and must go into three body phase space, as in Eqs. (8) and (10) . Thus, dark photons with mass m ≤ 2m e generically have long lifetimes, modulated by the kinetic mixing factor . The decay to three photons can happen late enough to alter Standard Model physics in epochs where the thermal history of the universe is well established. In this section, we describe the effects of such a long-lived dark photon, and we detail the bounds from considerations of this kind of late-decaying particle.
Dark photon decays should not occur between the time of heavy element nucleosynthesis (BBN) and the formation of the cosmic microwave background radiation (CMB), because the additional entropy injection would conflict with the observed agreement between the baryon to photon ratio at BBN and the CMB. Decays from the time of formation of CMB through the cosmological dark ages are ruled out by limits on the µ and y distortions of the CMB blackbody spectrum. Decays after the epoch of reionization until the present time are forbidden by limits on the amount of diffuse extragalactic background light. For m ≤ 2m e , we can then rule out lifetimes
where T Univ is the age of the universe. The bounds on the background light are conservatively obtained from saturating observations of the high-latitude flux of X-ray photons, as in [32] . We illustrate the ramifications for the dark photon parameter space in Fig. 4 . We mention that in this work we neglect possible bounds from degree of freedom counting in the early universe. For the mixing angles considered here, the dark photon will be resonantly produced in the early universe and may remain in kinetic equilibrium until after the time of neutrino decoupling [18] , potentially adding to the radiation budget of the universe. This could speed up the expansion rate and adversely affect sensitive BBN processes. However, corresponding negative contributions to the radiation budget could come from slightly heavier particles coupled to electric charge [33] (which plausibly exist in a complete model of the dark sector) or from the post-BBN decay of the dark photon. This renders the counting of additional degrees of freedom model dependent for the scenario considered. Finding a UV-complete model necessary to avoid all of the bounds discussed here is a compelling goal for future work.
We point out an open window free of all constraints where 10 −5
10
−4 and 850 KeV m ≤ 2m e . This is precisely the mass range where subleading corrections to the Euler-Heisenberg-like Lagrangian are large. Our exact computation of the decay width is crucial to revealing this window: using the leading order EulerHeisenberg-like Lagrangian, one would conclude that dark photons of this mass have lifetimes longer than one second, leading to entropy injection after BBN and ruling out all mixing angles below 0.003 × (m /m e ) −9/2 [21] . However, because threshold corrections increase the width by up to two orders of magnitude, we find that dark photons in this mass range decay well before BBN.
This window remains open because a dark photon in this window is weakly coupled enough that it does not affect the anomalous magnetic moment of the electron [31, 34] but strongly coupled enough that it is effectively trapped inside the proto-neutron star during the detonation of Supernova 1987A: using the most conservative models of the core collapse process, we find that a dark photon in this parameter space does not carry out more energy than is released in Standard Model neutrinos [21] . About half of the parameter space is ruled out assuming the "fiducial" analytical profile, however [21] .
This range is potentially constrained by considerations of the SLAC millicharge experiment [35] , which is sensitive to any light dark matter that can scatter off nuclei. In the near future, this window will also be subject to searches performed by new beam dump experiments that will be sensitive to any particle that can escape the beam as missing energy [36, 37] . As a complementary technique, it is possible that improvements of the measurement of the anomalous magnetic moment of the electron will soon be sufficiently improved to constrain this window of parameter space [38] . Thus, this exciting window for new physics will be comprehensively and complementarily probed in a variety of upcoming experiments.
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